Abstract-We prove that a k-ary 2-cube Q k 2 with three faulty edges but where every vertex is incident with at least two healthy edges is bipancyclic, if k ! 3, and k-pancyclic, if k ! 5 is odd (these results are optimal). We go on to show that when k ! 4 is even and n ! 3, any k-ary n-cube Q k n with at most 4n À 5 faulty edges so that every vertex is incident with at least two healthy edges is bipancyclic, and that this result is optimal.
INTRODUCTION
L OW-DIMENSIONAL tori are regularly used as interconnection networks in distributed-memory parallel computers. For example, the Ametek series 2010, the J-machine and the Cray X1E vector computer have a two-dimensional torus as their interconnection networks, while the Cray T3D and T3E have three-dimensional tori as theirs (see, for example, [7] ). Furthermore, two-dimensional mesh and torus topologies are popular choices for networks-on-chips [23] . This has motivated a considerable amount of work on the structural aspects of (arbitrary dimensional) tori, and in particular their uniform variants k-ary n-cubes, that are relevant to parallel computing as well as being of interest in purely graph-theoretic terms. For example, the k-ary n-cube Q k n has the following basic properties: it is vertex-and edgesymmetric [1] ; it is Hamiltonian [3] , [4] ; it has diameter nb k 2 c [3] , [4] ; it has a recursive decomposition; and it contains embeddings of many important interconnection networks such as cycles [1] , meshes [3] and even hypercubes [4] . Moreover, it has admirable properties in relation to routing, broadcasting, and communication in general (see, for example, [1] , [4] , [6] ).
Of particular relevance to us are some recent results concerning paths and cycles embedded within k-ary ncubes. Paths and cycles are fundamental in parallel computing; for not only is there a multitude of algorithms specifically designed for linear arrays of processors and cycles of processors but paths and cycles appear as data structures in many more algorithms for parallel machines whose processors are interconnected in a wide variety of topologies. We shall be concerned with questions relating to Hamiltonicity, pancyclicity, bipancyclicity, and edge-bipancyclicity. The existence of these properties in an interconnection network enables a much higher degree of flexibility with regard to the simulation of linear arrays or cycles of processors. The results of [19] are of significance to us, where earlier results due to Hsieh et al. [15] and to Wang et al. [22] were extended and the situation as regards the pancyclicity and bipancyclicity of Q k n was settled. Among other results, it was shown in [19] that Q k n is edge-bipancyclic, when n ! 2 and k ! 3, and k-pancyclic, when n ! 2 and k ! 3 is odd. Other important results concerning the embedding of paths and cycles in k-ary ncubes can be found in [14] , [25] .
As more and more processors are incorporated into parallel machines, faults become more common, be it faults in the processors or on the connections between processors. Given the significant cost of parallel machines, we would prefer to be able to tolerate (small numbers of) faults and still be able to use our parallel machine. While "static" structural results such as those mentioned above are important, we are interested here in the tolerance of k-ary n-cubes when a (limited) number of edges are faulty. In particular, we are interested in how many faulty edges a kary n-cube Q k n can tolerate yet still remain bipancyclic and k-pancyclic. Recent results as regards the existence of paths and cycles in k-ary n-cubes in the presence of faults can be found in, for example, [8] , [9] .
As the k-ary n-cube Q k n has degree 2n, an immediate upper bound on the number of faulty edges Q k n can tolerate and still remain bipancyclic or k-pancyclic is clearly 2n À 2. Consequently, many studies assume the conditional fault assumption on the distribution of the faults so that no matter how many faulty edges there are, it is always the case that every vertex is incident with at least two healthy edges (the legitimacy of this conditional fault assumption is given credence as there is a very small probability that a configuration of faulty edges will be such as to make a vertex of one of our networks have degree less than 2). For example, under this conditional fault assumption: it was shown in [2] that Q k n with 4n À 5 faulty edges still has a Hamiltonian cycle; it was shown in [21] that an n-dimensional alternating group graph with 4n À 13 faulty edges still has a Hamiltonian cycle; it was shown in [18] that an ndimensional crossed cube with 2n À 5 faulty edges still has a Hamiltonian cycle; and in [12] a more general consideration of matching composition networks was made with regard to whether they remain Hamiltonian under a limited number of faults. Other Hamiltonicity results under our conditional fault assumption are available in, for example, [5] , [10] , [11] , [16] , [17] , [20] . As far as we are aware, [13] , [20] are the only papers to have considered pancyclicity issues in a family of interconnection networks in the presence of faulty edges and under our conditional fault assumption: in [13] , restricted hypercube-like networks were considered; and in [20] , hypercubes were considered.
In this paper, we resolve the situation as regards pancyclicity and bipancyclicity in k-ary 2-cubes under our conditional fault assumption. We prove that a k-ary 2-cube Q k 2 with three faulty edges but where every vertex is incident with at least two healthy edges is bipancyclic, if k ! 3, and k-pancyclic, if k ! 5 is odd (these results are optimal). We go on to show that when k ! 4 is even and n ! 3, any k-ary n-cube Q k n with at most 4n À 5 faulty edges so that every vertex is incident with at least two healthy edges is bipancyclic, and that this result is optimal. The proof of this latter result is long and complicated and uses a variety of techniques concerning the combinatorial manipulation of k-ary n-cubes (in the presence of faults) that are interesting in their own right. In the next section, we detail the basic definitions relevant to this paper, and in Section 3 we prove our main result concerning the bipancyclicity of Q k n when k is even. We give our conclusions and directions for further research in Section 4. The proofs of our results relating to k-ary 2-cubes are available in supplemental material, which can be found on the Computer Society Digital Library at http://doi.ieeecomputersociety.org/ 10.1109/TPDS.2011.22. (preliminary versions having appeared in [24] ), which also contains a discussion of pancyclicity in arbitrary graphs.
BASIC DEFINITIONS
For k ! 3 and n ! 1, a k-ary n-cube Q k n has a vertex set of f0; 1; . . . ; k À 1g n and there is an edge ððu n ; u nÀ1 ; . . . ; u 1 Þ; ðv n ; v nÀ1 ; . . . ; v 1 ÞÞ if, and only if, ju i À v i j ¼ 1 (mod k), for some i 2 f1; 2; . . . ; ng, with u j ¼ v j , for all j 2 f1; 2; . . . ; ng n fig; such an edge is termed as lying in dimension i (throughout, arithmetic on the components of vertices is modulo k). Let i 2 f1; 2; . . . ; ng. We say that we partition Q k n over dimension i if we consider Q k n to be the disjoint union of copies Q 0 ; Q 1 ; . . . ; Q kÀ1 of Q k nÀ1 as follows: for each j 2 f0; 1; . . . ; k À 1g; Q j is the subgraph of Q k n induced by the vertices of Q k n whose ith component is j (we suppress i; n and k in the notation as they are always understood). Clearly, all edges not in some Q j lie in dimension i. Suppose that we have partitioned Q k n over dimension i as Q 0 ; Q 1 ; . . . ; Q kÀ1 and x ¼ ðx n ; x nÀ1 ; . . . ; x 1 Þ is some vertex of some Q j . The vertex ðx n ; . . . ; x iþ1 ; m; x iÀ1 ; . . . ; x 1 Þ of Q m is denoted as n m ðxÞ (and so x ¼ n j ðxÞ).
We consider k-ary n-cubes with faulty edges (or simply faults); that is, where certain edges are missing. We refer to the edges that remain in a faulty k-ary n-cube as healthy. Even though our faulty edges are regarded as missing edges, we still say, for example, that a vertex v is incident with some faulty edge e when the edge e was originally incident with v before it was removed. On occasion, we want to emphasize that all edges of some subgraph are healthy and so we say, for example, that a cycle or a path is healthy.
A conditional fault assumption is an assumption relating to the faults (in our case, faulty edges) and their distribution within an interconnection network (which for us is always a k-ary n-cube). The conditional fault assumption we make is that the distribution of faults is such that no vertex in any faulty k-ary n-cube is ever incident with less than two healthy edges (that is, has degree less than two when we regard our faulty k-ary n-cube as being a k-ary n-cube with some edges missing).
A graph on n vertices is: pancyclic if it contains a cycle of every length from 3 up to n; edge-pancyclic if there is cycle of every length from 3 up to n containing any given edge; and m-pancyclic if it contains a cycle of every length from m up to n. Of course, no bipartite graph can be pancyclic (as there can be no odd length cycles); consequently, a notion of pancyclicity has been devised for bipartite graphs. A bipartite graph on n vertices is bipancyclic if there is an even length cycle of every even length from 4 up to n, and edgebipancyclic if there is an even length cycle of every even length from 4 up to n containing any given edge. Even though the notions of bipancyclicity and edge-bipancyclicity have been devised to primarily apply to bipartite graphs, it still makes sense to apply them to nonbipartite graphs too.
If is a property of graphs then a graph G is said to be medge-fault-tolerant if G still has property even after the removal of at most m edges from G. Thus, for example, to say that a k-ary n-cube Q k n is ð4n À 5Þ-edge-fault-tolerant bipancyclic under the conditional fault assumption that no vertex is incident with less than two healthy edges means that no matter which 4n À 5 edges we remove from Q k n , so long as no vertex in the resulting graph has degree less than two, there is a cycle of every even length m where 4 m k n .
THE GENERAL CASE
In this section, we prove our main result. We proceed by induction on n with the base case being given by the following theorem, the proof of which can be found in the supplemental material, which can be found on the Computer Society Digital Library at http://doi.ieeecomputersociety.org/10.1109/ TPDS.2011.22.
in which there are at most three faulty edges but where every vertex is incident with at least two healthy edges.
The proof of our main result is long and complicated and so it might be beneficial if we outline our approach. Essentially, we proceed by induction and partition Q k n over a specific dimension so that we can ensure that there is a certain number of faults in this dimension. That leaves the rest of the faults spread over the k-ary ðn À 1Þ-cubes that result from the partition. We would like to apply the induction hypothesis to each of these k-ary ðn À 1Þ-cubes and then piece together the resulting cycles to achieve our required result. However, there are two cases to consider: the first is where, when we partition, there is some k-ary ðn À 1Þ-cube that does not satisfy our conditional fault assumption; and the second is where this is not the case. The second case is split into two further cases: when the faults not in the dimension over which we have partitioned are not co-located in the same k-ary ðn À 1Þ-cube; and the second case is when they are. Throughout, we build different healthy cycles of different (even) lengths, in a very nonuniform fashion and using a variety of techniques.
Theorem 2. Let n ! 2 and let k ! 4 be even. Suppose that the kary n-cube Q k n has at most 4n À 5 faulty edges but is such that every vertex is incident with at least two healthy edges. Then Q k n contains cycles of any even length from 4 up to k n ; that is, Q k n is ð4n À 5Þ-edge-fault-tolerant-bipancyclic under the conditional fault assumption that every vertex is incident with at least two healthy edges.
Proof. Let n ! 3 throughout and suppose as our induction hypothesis that the result holds for Q k nÀ1 . The base case of our induction follows from Theorem 1. Suppose that Q k n has 4n À 5 faulty edges so that every vertex is incident with at least two healthy edges. There exists some dimension i 2 f1; 2; . . . ; ng such that dimension i contains at least three faults; w.l.o.g. we may assume that dimension 1 contains at least three faults. Partition Q k n over dimension 1 to obtain Q 0 ; Q 1 ; . . . ; Q kÀ1 . There are at most 4n À 8 faults not contained in dimension 1. In each of the cases below, we construct healthy cycles of various lengths in a piecemeal fashion and using a number of different constructions.
Case 1: there exists some vertex x in some Q i , where i 2 f0; 1; . . . ; k À 1g, such that x is incident with at least 2n À 3 faults in Q i .
W.l.o.g. we may assume that x lies in Q 0 . Note that x is the only vertex that is incident with at least 2n À 3 faults in the Q i in which it lies (as otherwise we would have 4n À 7 faults not lying in dimension 1). Suppose that for every pair of neighbors y and z of x in Q 0 , with y 6 ¼ z, at least one of the edges ðy; n 1 ðyÞÞ and ðz; n 1 ðzÞÞ is faulty and at least one of the edges ðy; n kÀ1 ðyÞÞ and ðz; n kÀ1 ðzÞÞ is faulty. So, there must be at least ð2n À 3Þ þ ð2n À 3Þ þ ð2n À 3Þ ¼ 6n À 9 > 4n À 5 faults in total, which yields a contradiction. W.l.o.g. we may assume that there are distinct edges ðx; yÞ and ðx; zÞ in Q 0 such that ðy; n 1 ðyÞÞ and ðz; n 1 ðzÞÞ are healthy. Amend Q 0 as follows so as to obtainQ 0 .
. If x is incident with a healthy edge ðx; wÞ in Q 0 and y 6 ¼ w 6 ¼ z then make ðx; wÞ faulty and make ðx; yÞ and ðx; zÞ healthy. . If ðx; yÞ (resp. ðx; zÞ) is healthy then make ðx; zÞ (resp. ðx; yÞ) healthy. . If x is incident only with faults in Q 0 then make ðx; yÞ and ðx; zÞ healthy. Note that inQ 0 , vertex x is incident with two healthy edges and there are at most 4n À 9 faults. Suppose that some other vertex u of Q 0 is incident with at most one healthy edge inQ 0 . So, we must have that ðx; uÞ is an edge that is healthy in Q 0 but which is made faulty inQ 0 . Thus in Q 0 ; ðx; uÞ is an edge that is the only healthy edge incident with x and one of two healthy edges incident with u, with the result that Q 0 has at least 4n À 7 faults, which yields a contradiction. Hence, we can apply the induction hypothesis toQ 0 and so obtain a Hamiltonian cycle C 0 in Q 0 containing the (potentially faulty) edges ðx; yÞ and ðx; zÞ and where all other edges of C 0 are healthy (in Q 0 ).
Consider Q 1 , which contains at most 2n À 5 faults. The vertex n 1 ðxÞ is incident with at most 2n À 2 healthy edges. We obtainQ 1 by making all healthy edges incident with n 1 ðxÞ faulty, apart from ðn 1 ðxÞ; n 1 ðyÞÞ and ðn 1 ðxÞ; n 1 ðzÞÞ which we make healthy if necessary. This means introducing at most 2n À 4 faults, and soQ 1 has at most 4n À 9 faults. Suppose thatQ 1 has a vertex that is incident with at most one healthy edge inQ 1 . As any vertex of Q 1 is incident with at least two healthy edges in Q 1 , this means that Q 1 has at least 2n À 4 faults, which yields a contradiction. Thus, we can apply the induction hypothesis toQ 1 , to obtain a Hamiltonian cycle C 1 in Q 1 that contains the edges ðn 1 ðxÞ; n 1 ðyÞÞ and ðn 1 ðxÞ; n 1 ðzÞÞ and where all other edges of C 1 are healthy (in Q 1 ). We can join C 0 and C 1 by removing the edges ðx; yÞ; ðx; zÞ; ðn 1 ðxÞ; n 1 ðyÞÞ and ðn 1 ðxÞ; n 1 ðzÞÞ and including the edges ðy; n 1 ðyÞÞ, and ðz; n 1 ðzÞÞ to obtain a cycle C 01 , spanning all vertices of Q 0 and Q 1 apart from x and n 1 ðxÞ, that has length 2k nÀ1 À 2 and which only contains healthy edges.
In the rest of this case, we construct cycles of every even length m, where 4 m k n , with the cycle C 01 providing a base cycle from which to work in many situations. Moreover, we do this for batches of values for m. For example, our first batch of values, below, is 3k nÀ1 À 2 m ðk À 1Þk nÀ1 and our second is ðk À 1Þk nÀ1 m k n À ð4n À 2Þ; eventually, we cover 4 m k n (throughout, m is always even). To aid readability, we partition our constructions according to the techniques used. We remind the reader that k ! 4 is even and n ! 3. Case 1.1: Consider the path P 1 of length k nÀ1 À 2 from n 1 ðyÞ to n 1 ðzÞ on C 1 . By partitioning the vertices on this path into batches of three consecutive vertices and noting that b
3 c > 2n À 2, where 2n À 2 is an upper bound on the number of faults not in Q 0 , there are edges ðu; vÞ and ðv; wÞ of P 1 such that all edges of fðn i ðuÞ; n iþ1 ðuÞÞ; ðn i ðvÞ; n iþ1 ðvÞÞ; ðn i ðwÞ; n iþ1 ðwÞÞ; ðn i ðuÞ; n i ðvÞÞ; ðn i ðvÞ; n i ðwÞÞ : 1 i k À 1g are healthy.
Fix 2 f2; 3; . . . ; k À 1g and let i 2 f2; 3; . . . ; g. In Q i make all edges incident with n i ðvÞ faulty apart from the edges ðn i ðuÞ; n i ðvÞÞ and ðn i ðvÞ; n i ðwÞÞ, which are healthy, and denote the amended Q i byQ i . Note thatQ i has at most ð2n À 5Þ þ ð2n À 4Þ ¼ 4n À 9 faults. Also, ifQ i has a vertex that is incident with at most one healthy edge iñ Q i then this means that Q i has at least 2n À 4 faults, which yields a contradiction. By the induction hypothesis applied toQ i , we obtain a healthy Hamiltonian cycle C i in Q i that contains ðn i ðuÞ; n i ðvÞÞ and ðn i ðvÞ; n i ðwÞÞ. We can join the cycles C 01 ; C 2 ; C 3 ; . . . ; C using healthy dimension 1 edges, as appropriate, to obtain a cycle D of length ð þ 1Þk nÀ1 À 2 spanning all vertices of Q 0 ; Q 1 ; . . . ; Q apart from x and n 1 ðxÞ. The situation can be depicted as in Fig. 1 (where happens to be odd).
Suppose that 2 f2; 3; . . . ; k À 3g and that 2 f0; 1; . . . ; k nÀ1 2 þ 1g. Let P 0 (resp. P ) be the path of length k nÀ1 À 2 (resp. k nÀ1 À 1) on C 01 (resp. C ) from y to z (resp. from n ðvÞ to n ðwÞ, if is odd, and from n ðvÞ to n ðuÞ, if is even). By considering alternating edges of P 0 and P , there are at least
mutually nonincident edges of P 0 and P . Count the number of such edges ðs; tÞ for which the path ðs; n kÀ1 ðsÞ; n kÀ1 ðtÞ; tÞ is healthy, if ðs; tÞ lies on P 0 , or for which the path ðs; n þ1 ðsÞ; n þ1 ðtÞ; tÞ is healthy, if ðs; tÞ lies on P . This number is at least k nÀ1 À 1 À ð2n À 2Þ > and so we can choose such edges ðs; tÞ and easily extend D , using the appropriate healthy paths of length 3, to obtain a healthy cycle of length ð þ 1Þk 2 mutually nonincident edges of P kÀ2 . Count the number of such edges ðs; tÞ for which the path ðs; n kÀ1 ðsÞ; n kÀ1 ðtÞ; tÞ is healthy. This number is at least k nÀ1 2 À ð2n À 2Þ ! and so we can choose such edges ðs; tÞ and easily extend D , using the appropriate healthy paths of length 3, to obtain a healthy cycle of length ðk À 1Þk nÀ1 À 2 þ 2; that is, we have constructed healthy cycles of any even length from ðk À 1Þk nÀ1 À 2 up to k n À ð4n À 2Þ. Case 1.2: We shall now construct healthy cycles of any even length from 4 up to 2k nÀ1 . By the induction hypothesis applied to Q 1 , there is a healthy cycle of any even length from 4 up to k nÀ1 . Let C Note that if all edges of some T s;t are healthy then we can extend C 0 1 to obtain healthy cycles of lengths k nÀ1 þ 2; k nÀ1 þ 4; . . . ; k nÀ1 þ 2ðk À 2Þ by replacing the edge ðs; tÞ with the paths ðs; n 2 ðsÞ; n 2 ðtÞ; tÞ; ðs; n 2 ðsÞ; n 3 ðsÞ; n 3 ðtÞ; n 2 ðtÞ; tÞ and so on. At least k nÀ1 2 À ð2n À 2Þ of these T s;t 's are such that all of the edges in T s;t are healthy, and so we can obtain healthy cycles of any even length from k nÀ1 up to
Alternatively, suppose that 2n À 1 k nÀ1 2 . By the induction hypothesis applied to Q 1 , there is a cycle C 00 1 of length 2 in Q 1 . As > 2n À 2, there is an edge ðs; tÞ of C 00 1 such that both ðs; n 2 ðsÞÞ and ðt; n 2 ðtÞÞ are healthy. Amend Q 2 so as to ensure that exactly two edges incident with n 2 ðsÞ are healthy, one of which is ðn 2 ðsÞ; n 2 ðtÞÞ and the other of which is a healthy edge of Q 2 , and denote this amended version of Q 2 byQ 2 . It is also the case that every vertex ofQ 2 is incident with at least two healthy edges inQ 2 . By the induction hypothesis applied toQ 2 , there is a Hamiltonian path P 2 in Q 2 from n 2 ðsÞ to n 2 ðtÞ consisting of healthy edges. Thus, we have a healthy cycle of length k nÀ1 þ 2 formed by joining C 00 1 to P 2 . That is, we have constructed a healthy cycle of every even length from k nÀ1 þ ð4n À 2Þ up to 2k nÀ1 . Hence, we have constructed a healthy cycle of every even length from 4 up to 2k nÀ1 .
We can extend any one of the cycles constructed in the previous paragraph as follows: In the first construction, instead of starting with the cycle C 2 À 1 À ð2n À 2Þ of the T s;t 's are such that all of the edges in T s;t are healthy), we obtain a healthy cycle of any even length from 2k nÀ1 up to
Alternatively, suppose that 2n À 1 k nÀ1 2 . Instead of starting with the cycle C 00 1 , of length 2, as in the previous paragraph, start with a cycle, as constructed in the previous paragraph, of length k nÀ1 þ 2 (recall, this cycle was obtained by joining C 00 1 to P 2 ) and extend this cycle just as we did above but using a Hamiltonian path in Q 3 . That is, we have constructed a healthy cycle of every even length from 2k nÀ1 þ ð4n À 2Þ up to 3k nÀ1 . Hence, taking into account our earlier constructions (above and in Case 1.1), we have constructed a healthy cycle of every even length from 4 up to k n À ð4n À 2Þ. Case 1.3: All that remains is for us to build healthy cycles of any even length from k n À ð4n À 4Þ up to k n (of course, by [2] there is a healthy Hamiltonian cycle in Q k n ). Let 2 f apart from x; and, second, we extend this cycle C 0 01 (as we did in Fig. 1 ) using (healthy) Hamiltonian cycles in each of Q 2 ; Q 3 ; . . . ; Q kÀ1 . Thus, we obtain a healthy cycle in Q k n o f l e n g t h ðk À 2Þk
that is, we have constructed healthy cycles of any even length from k n À ð4n À 2Þ up to k n À 2.
Consequently, we may assume that the cycle C 0 0 does not pass through the vertex x. By considering alternating edges on C 0 0 , there is a set X of mutually nonincident edges ðs; tÞ of C 0 0 . Consider the set of 2 paths fðs; n 1 ðsÞ; n 1 ðtÞ; tÞ; ðs; n kÀ1 ðsÞ; n kÀ1 ðtÞ; tÞ : ðs; tÞ 2 Xg. The number of faults not in Q 0 is at most 2n À 2 and as 2 > 2n À 2, w.l.o.g. we may assume that there is an edge ðs; tÞ of C 0 0 such that the edges of the path ðs; n 1 ðsÞ; n 1 ðtÞ; tÞ are healthy. Just as we have done throughout this proof, we can build a healthy Hamiltonian cycle C , we have healthy cycles of any even length from k n À ð4n À 4Þ up to k n . Case 2: every vertex x in any Q i , where we have that i 2 f0; 1; . . . ; k À 1g, is such that x is incident with at least two healthy edges in Q i .
As in Case 1, we construct cycles of various lengths in batches. There are two possibilities: either every Q i , where i 2 f0; 1; . . . ; k À 1g, contains at most 4n À 9 faults; or w.l.o.g. Q 0 contains 4n À 8 faults.
Case 2.1: every Q i , where i 2 f0; 1; . . . ; k À 1g, contains at most 4n À 9 faults. W.l.o.g. suppose that Q 0 contains most faults from Q 0 ; Q 1 ; . . . ; Q kÀ1 . In particular, if i 2 f1; 2; . . . ; k À 1g then Q i contains at most 2n À 4 faults. Case 2.1.1: no Q i , where i 2 f1; 2; . . . ; k À 1g, contains more than 2n À 5 faults.
By the induction hypothesis applied to Q 0 , there are healthy cycles of any even length ranging from 4 up to k nÀ1 . In particular, there is a healthy Hamiltonian cycle C 0 in Q 0 . By considering alternating edges on C 0 , we have
mutually nonincident edges on C 0 . For each such edge ðs; tÞ, let the set of edges T s;t ¼ fðn i ðsÞ; n iþ1 ðsÞÞ; ðn i ðtÞ; n iþ1 ðtÞÞ; ðn iþ1 ðsÞ; n iþ1 ðtÞÞ :
Note that if all edges of some T s;t are healthy then we can extend C 0 to obtain healthy cycles of lengths k nÀ1 þ 2; k nÀ1 þ 4; . . . ; k nÀ1 þ 2ðk À 1Þ: we simply replace the edge ðs; tÞ with paths ðs; n 1 ðsÞ; n 1 ðtÞ; tÞ; ðs; n 1 ðsÞ; n 2 ðsÞ; n 2 ðtÞ; n 1 ðtÞ; tÞ, and so on. Alternatively, we can obtain our healthy cycles by replacing the edge ðs; tÞ with paths ðs; n kÀ1 ðsÞ; n kÀ1 ðtÞ; tÞ; ðs; n kÀ1 ðsÞ; n kÀ2 ðsÞ; n kÀ2 ðtÞ; n kÀ1 ðtÞ; tÞ, and so on. In fact, if there is only one faulty edge in T s;t then we can clearly still extend C 0 using healthy paths of lengths 3; 5; . . . ; 2ð
So, let be the number of T s;t 's that contain exactly one fault and let be the number of T s;t 's that contain at least two faults. By extending C 0 using different paths, we can clearly obtain healthy cycles of all even lengths from 4 up to
Thus,Q 1 has at most 4n À 9 faults. Note that as Q 1 contains at most 2n À 5 faults then every vertex inQ 1 is incident with at least two healthy edges. By the induction hypothesis applied toQ 1 , there is a healthy Hamiltonian path in Q 1 from n 1 ðsÞ to n 1 ðtÞ. Thus, we have a healthy cycle of length 2k nÀ1 spanning all vertices in Q 0 and Q 1 . We can continue iteratively in this way (and as we have done previously) so as to obtain a healthy cycle D of length ð þ 1Þk nÀ1 spanning the vertices of Q 0 ; Q 1 ; . . . ; Q . Suppose that 6 ¼ k À 2 and let 2 f0; 1; . . . ; k nÀ1 2 g. Let P 0 (resp. P ) be the sub-path of D spanning the vertices of Q 0 (resp. Q ). Both of these paths have length k nÀ1 À 1. By considering alternating edges on P 0 and P , there are k nÀ1 mutually nonincident edges of P 0 and P . As
2 , we can choose mutually nonincident such edges ðs; tÞ so that either the path ðs; n þ1 ðsÞ; n þ1 ðtÞ; tÞ or the path ðs; n kÀ1 ðsÞ; n kÀ1 ðtÞ; tÞ is healthy, depending upon whether ðs; tÞ lies on P or P 0 , respectively (note that k À 1 6 ¼ þ 1). Consequently, we can clearly obtain a healthy cycle in Q k n of length ð þ 1Þk nÀ1 þ 2; that is, we have cycles of any even length from 2k nÀ1 up to ðk À 1Þk nÀ1 . Suppose that ¼ k À 2 and let 2 f0; 1; . . . ; 2 mutually nonincident edges on the sub-path P kÀ2 of D kÀ2 spanning the vertices of Q kÀ2 . Just as in the previous paragraph, we can choose mutually nonincident edges ðs; tÞ on P kÀ2 so that the path ðs; n kÀ1 ðsÞ; n kÀ1 ðtÞ; tÞ is healthy. Thus, we have healthy cycles of any even length from ðk À 1Þk nÀ1 up to k n À ð8n À 10Þ. In fact, if the number of faults joining a vertex in Q kÀ2 to a vertex in Q kÀ1 plus the number of faults in Q kÀ1 is then we have healthy cycles of any even length from 4 up to k n À 2. We shall return to this comment in a moment.
All that remains is for us to obtain healthy cycles of any even length from k n À ð8n À 12Þ up to k n . Suppose
2 . By the induction hypothesis applied to Q 0 , there is a healthy cycle C 0 of length 2 in Q 0 . By considering alternating edges on C 0 , there is a set X of mutually nonincident edges of C 0 . For any edge ðs; tÞ 2 X, define the path kÀ1 ðs; tÞ ¼ ðs; n kÀ1 ðsÞ; n kÀ1 ðtÞ; tÞ and the path 1 ðs; tÞ ¼ ðs; n 1 ðsÞ; n 1 ðtÞ; tÞ, and count the number of such paths that contain at least one fault. This number is at most 4n À 5. So, if 2 > 4n À 5 then we can find a path kÀ1 ðs; tÞ or 1 ðs; tÞ that consists entirely of healthy edges. However, 2 ! k nÀ1 À ð8n À 10Þ þ 6 > 4n À 5, and so w.l.o.g. there is an edge ðs; tÞ of C 0 so that the path 1 ðs; tÞ ¼ ðs; n 1 ðsÞ; n 1 ðtÞ; tÞ consists entirely of healthy edges. We can amend Q 1 to obtainQ 1 so that n 1 ðsÞ is incident with exactly 2n À 4 faults inQ 1 , one of which is ðn 1 ðsÞ; n 1 ðtÞÞ. Thus,Q 1 has at most 4n À 9 faults. Moreover, every vertex inQ 1 is incident with at least two healthy edges. By the induction hypothesis applied toQ 1 , there is a healthy Hamiltonian path from n 1 ðsÞ to n 1 ðtÞ in Q 1 . We can join this path with C 0 , using the healthy edges ðs; n 1 ðsÞÞ and ðt; n 1 ðtÞÞ, so as to obtain a healthy cycle C 01 of length k nÀ1 þ 2. As
2 > 4n À 5, we can iteratively extend C 01 to a cycle of length ðk À 1Þk nÀ1 þ 2; that is, we have healthy cycles of any even length from k n À ð8n À 16Þ up to k n . Thus, we only have to find healthy cycles of lengths k n À ð8n À 12Þ and k n À ð8n À 14Þ. From our comment above, relating to the number of faults joining vertices in Q kÀ2 and Q kÀ1 or lying in Q kÀ1 , we may assume that is 4n À 5 or 4n À 6. By the induction hypothesis applied to Q 0 , we can find healthy cycles C 0 0 and C 00 0 of lengths k nÀ1 À 8n þ 12 and k nÀ1 À 8n þ 14, respectively. As all but at most one fault is incident with a vertex of Q kÀ1 , there clearly exists an edge ðs; tÞ of C 0 0 or C 00 0 such that ðs; n 1 ðsÞÞ and ðt; n 1 ðtÞÞ are both healthy. Just as we have done a number of times so far, we can iteratively extend C 0 0 and C 00 0 by using appropriately chosen Hamiltonian cycles in Q 1 ; Q 2 ; . . . ; Q kÀ1 so as to build healthy cycles in Q k n of lengths k n À ð8n À 12Þ and k n À ð8n À 14Þ. Thus, we have constructed healthy cycles of any even length from 4 up to k n . Case 2.1.2: some Q i , where i 2 f1; 2; . . . ; k À 1g, contains 2n À 4 faults.
It must be the case that Q 0 contains 2n À 4 faults, Q i contains 2n À 4 faults and this accounts for all faults in Q k n apart from the three faults in dimension 1. W.l.o.g. we may assume that Q 1 contains no faults. By the induction hypothesis applied to Q 0 , there is a healthy cycle of length 2 in Q 0 , for any 2 f2; 3; . . . ; k nÀ1 2 g. Let C 0 be the cycle of length k nÀ1 in Q 0 that we have just constructed and let x; y, and z be consecutive vertices on this cycle so that all edges of fðn j ðxÞ; n jþ1 ðxÞÞ; ðn j ðyÞ; n jþ1 ðyÞÞ; ðn j ðzÞ; n jþ1 ðzÞÞ; ðn j ðxÞ; n j ðyÞÞ; ðn j ðyÞ; n j ðzÞÞ : j ¼ 0; 1; . . . ; k À 1g are healthy. Such consecutive vertices exist when k > 4 or n > 3 as b k nÀ1 3 c > ð2n À 4Þ þ 3. Suppose that k ¼ 4 and n ¼ 3 and that there do not exist consecutive vertices x; y, and z with the properties as stated. Note that there are five faults not lying in Q 0 . Enumerate the vertices of C 0 as u 0 ; u 1 ; . . . ; u 15 , and for 0 l 15, let T l be the set of edges fðn j ðu l Þ; n jþ1 ðu l ÞÞ; ðn j ðu lþ1 Þ; n jþ1 ðu lþ1 ÞÞ; ðn j ðu lþ2 Þ; n jþ1 ðu lþ2 ÞÞ; ðn j ðu l Þ; n j ðu lþ1 ÞÞ; ðn j ðu lþ1 Þ; n j ðu lþ2 ÞÞ : j ¼ 0; 1; . . . ; k À 1g
(with addition on the indices of the u l 's modulo 15). So, each of T 0 ; T 3 ; T 6 ; T 9 and T 12 (which are mutually disjoint as sets of edges) must contain a fault, and this accounts for all five faults. Also, T 14 must contain a fault and so w.l.o.g. T 12 must contain a dimension 1 fault of the form ðn j ðu 14 Þ; n jþ1 ðu 14 ÞÞ. As T 11 must contain a fault, T 9 must contain a dimension 1 fault of the form ðn j ðu 11 Þ; n jþ1 ðu 11 ÞÞ. Arguing in this way yields that there must be more than three dimension 1 faults which yields a contradiction. Hence, we can find x; y and z as required. Amend Q i so that n i ðyÞ is incident with exactly two healthy edges, namely the edges ðn i ðxÞ; n i ðyÞÞ and ðn i ðyÞ; n i ðzÞÞ which are healthy in Q i . Denote this amended version of Q i byQ i . Note thatQ i has at most 4n À 8 faults. Suppose thatQ i has at most 4n À 9 faults and there is a vertex that is incident with at most one healthy edge. This vertex must be a neighbor of n i ðyÞ so that this edge is healthy in Q i and, further, it must be incident with 2n À 4 faults in Q i . So, in order to formQ i we must have introduced 2n À 4 faults which yields a contradiction asQ i only has 4n À 9 faults. Thus, ifQ i has at most 4n À 9 faults then every vertex ofQ i is incident with at least two healthy edges. Alternatively, suppose thatQ i has 4n À 8 faults; so, we have made 2n À 4 edges incident with n i ðyÞ faulty (all except ðn i ðxÞ; n i ðyÞÞ and ðn i ðyÞ; n i ðzÞÞ). In this case, there might be a vertex w of Q i , adjacent to n i ðyÞ and different from n i ðxÞ and n i ðzÞ, such that w is incident with exactly one healthy edge iñ Q i . If such a vertex w exists then let the edge ðw; n i ðyÞÞ revert back to being healthy inQ i ; otherwise, choose any faulty edge ðw; n i ðyÞÞ, where n i ðxÞ 6 ¼ w 6 ¼ n i ðzÞ, and let it revert back to being healthy inQ i . DenoteQ i after any additional amendments byQ i (note thatQ i contains at most 4n À 9 faults).
We can now apply the induction hypothesis toQ i or Q i , as appropriate, so as to obtain a cycle C i of length k nÀ1 . If we are working withQ i then C i contains the edges ðn i ðxÞ; n i ðyÞÞ and ðn i ðyÞ; n i ðzÞÞ and all edges of C i are healthy in Q i ; if we are working withQ then C i contains at least one of ðn i ðxÞ; n i ðyÞÞ and ðn i ðyÞ; n i ðzÞÞ and all edges of C i are healthy in Q i . In the latter case, w.l.o.g. we may assume that C i contains ðn i ðxÞ; n i ðyÞÞ. Hence, whatever the case, we may assume that the cycle C i contains the edge ððn i ðxÞ; n i ðyÞÞ and that every edge of this cycle is healthy in Q i .
For each j 2 f0; 1; . . . ; k À 1g n f0; ig, let C j be the isomorphic copy of C 0 in Q j . For any l 2 f1; 2; . . . ; kg, we can clearly join the cycles C i ; C iþ1 ; . . . ; C iþlÀ1 (with arithmetic on indices modulo k) similarly to as is depicted in Fig. 1 . For more information on this or any other computing topic, please visit our Digital Library at www.computer.org/publications/dlib.
